Abstract-Canonical characteristic sets of characterizable differential ideals are studied. For the ordinary case, an estimate of orders of elements from the canonical characteristic set is proved. It is also shown how one can verify the equality of characterizable ideals without using canonical characteristic sets.
INTRODUCTION
We consider differential ideals in the ring k{y 1 , . . . , y n } of differential polynomials in partial derivatives over a field of characteristic zero. All necessary concepts and notations may be found in [1] [2] [3] .
Definition 1 [1, p. 82 ]. An autoreduced subset of the least possible rank in an ideal I is called a characteristic set of the ideal I.
In accordance with [4, Lemma 5.3] , an autoreduced set A is the characteristic set for a non-unit differential ideal I if and only if each element of the ideal I can be reduced to zero with respect to A.
In computer differential algebra, characteristic sets play the same role as the Gröbner basis does in algebraic ideals theory. Therefore, the desire to distinguish some object possessing the uniqueness property among characteristic sets (as the reduced Gröbner basis) is quite natural. The idea of the canonical characteristic set appeared in [5, 6] . Our definition is remarkable for its suitability for an arbitrary differential ideal.
Definition 2 (1) the initial i Ci depends on the set of non-leaders N only; (2) the polynomial C i has no divisors in I except for C i itself; (3) the leading coefficient of C i with respect to the induced lexicographical ordering < lex on monomials from N ∪ L is equal to 1. Proposition 1. Let C be a characteristic set of a characterizable differential ideal I such that its initials do not depend on the leaders of C. Then C characterizes I, i.e., I = [C] : H ∞ C . As the following example shows, a canonical characteristic set exists not in any differential ideal. But if such a set exists, then it depends on the ranking and the ideal only.
Example. Let I = {x(x − 1), xy} be an ideal in the differential polynomial ring k{x, y}, the ranking be eliminating, and x < y. Then no characteristic set is canonical in the ideal I. Proof. Assume A ⊂ J and B ⊂ I. Since A is a characteristic set of I, i.e., an autoreduced subset of I of the least possible rank, and B is an autoreduced subset of I, then we have rank A ≤ rank B. Due to symmetry, rank B ≤ rank A. Thus, the ranks of A and B coincide. Now, show that I = J. It is sufficient to verify that I ⊂ J because the proof of the inverse inclusion is symmetric. Moreover, since J is characterized by the set B, then it is sufficient to show that for all f ∈ I the polynomial f can be reduced to 0 with respect to B. Let f ∈ I and f be the differential residue of f with respect to B. Since B ⊂ I, then f ∈ I. But f is not reducible with respect to B, and since rank A = rank B, then f is not reducible with respect to A. Therefore, f = 0.
The reverse statement that the equality I = J implies the inclusions A ⊂ J and B ⊂ I is evident. Proof. The necessity can be derived from Proposition 3, the sufficiency follows from Theorem 1.
Remark. In the case of characteristic zero, conditions 3, and 4 of Kolchin's criterion are excessive [4, Exercise 11.1]. In accordance with Theorem 1, the same is valid for characterizable ideals too. Note that conditions 1, and 2 may be easily verified algorithmically.
MAIN RESULT
In what follows we consider the ordinary case, i.e., the set of differentiations consists of one element. Let A = A 1 , . . . , A p be an autoreduced set. We define the order of A by the following equality:
If C is a characteristic set of a prime differential ideal P with respect to the exponent ranking, then by definition the order of the ideal P is equal to a nonnegative integer ord C. 
